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Young’s equation, describing an interfacial equilibrium condition of a liquid droplet on a smooth solid
surface, raises issues concerning the existence of a sine term which has not yet been resolved theoretically and
continues to be discussed to the present day. From a thermodynamics viewpoint, the equilibrium condition
arises by minimizing the total free energy of the system while intensive parameters are kept constant. In the
derivation, variations in the virtual work in both horizontal and vertical directions of the droplet on the smooth
solid are considered. From a hydrodynamics viewpoint, there is a momentum jump condition at the gas-liquid
interface that is derived based on a mechanical balance. Using standard mathematical procedures such as
Stokes’ theorem and differential geometry, a test volume is considered across the interface between two
continuous phases from which the jump condition is derived. In the present paper, Young’s equation is revisited
from the point of view of the momentum jump condition at the two-phase interface and a modified Young’s
equation is derived. The analytical solution derived from the modified Young’s equation is then used to
compare theory with experimental data. The line tension and contact angle for a lens droplet are also discussed
on the basis of this model.
DOI: 10.1103/PhysRevE.81.056310 PACS numbers: 47.55.np, 68.08.Bc, 47.55.dr, 47.61.Jd
I. INTRODUCTION
Young’s equation 1 is a very important relation in the
physics of liquid droplets on solid surfaces 2, forming the
basis for quantifying wetting phenomena. It has been the
subject of study for over 200 years since its derivation by
Young in 1805. Generally speaking, it has been stated that
this equation is incomplete as an equilibrium condition be-
cause of the lack of a sin  term , equilibrium contact
angle.
Young’s equation is derived mainly using a thermody-
namic approach 3–6. In the derivation, the Helmholtz free
energy or the grand thermodynamic potential of the system is
minimized by considering the variation in the virtual work of
a droplet on a solid surface. Virtual work performed on the
droplet comprises two contributions: a tangential variation at
the contact line parallel to the solid surface and a normal
variation perpendicular to the surface of the droplet.
Boruvka and Neumann derived the generalized Young’s
equation and the Young-Laplace equation based on differen-
tial geometry and thermodynamics 7,8. In the derivation,
the concept of line tension first described by Gibbs 9 was
considered. In complete analogy to the accepted thermody-
namic definitions of surface tension over a two-dimensional
surface, line tension is defined as the free energy per unit
length of a three-phase contact line 10,11. By taking the
line tension into account, an additional term appears in the
generalized Young’s equation.
Since the derivation of Young’s equation, a number of
modified or generalized Young’s equations have been de-
rived based on a thermodynamic approach without the vir-
tual work variation 12–14 or a lattice model 15,16. How-
ever, the existence of the sin  term in Young’s equation has
not been solved theoretically.
In hydrodynamics, there are some studies in which the
gas-liquid interfacial jump condition is derived based on the
mechanical force balance 17,18. This jump condition is a
macroscopic scale condition at the interface in a two-phase
system that consists of two continuous phases because the
interface has no thickness and is characterized by the mean
curvature. The jump condition is derived using Stokes’ theo-
rem, Gauss’ divergence theorem, and differential geometry
19. In these theorems, the test volume is considered across
the interface between two continuous phases. This means
that the derivation of the jump condition is performed by
volume and surface integrations. In this concept, the inter-
face is characterized by the curvature. The interface is thus
assumed to be a Gibbs surface in the jump condition. When
we consider the droplet on the solid surface, the jump con-
dition at the interface must satisfy the mechanical equilib-
rium condition at the contact line via the contact angle.
In the present paper, Young’s equation is reconsidered and
a modified Young’s equation is derived by applying the in-
terfacial jump condition to a three-phase interface. Here, in
the strict sense, the surface tension of a solid is different
from that of a liquid with an additional surface stress
20–24. Although such a contribution plays a significant role
in wettability, especially on the microscopic scale 25, we
assume that the solid can be defined by an “apparent” surface
tension as the present paper focuses on macroscopic wetta-
bility. Thus, the solid surface tension is treated as constant in
the present paper. In the derivation of Young’s equation, it is
assumed that the interface is the Gibbs dividing surface
mathematical surface. The contact line is taken to be a
simple border line of three-phases. Thus, Young’s equation is
derived without the need to define the line tension. To vali-
date our present model, the analytical solution derived from
the modified Young’s equation is compared with experimen-*Corresponding author; yonemoto@te.noda.tus.ac.jp
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tal data 26,27. In addition, to establish greater generality,
the equilibrium conditions for a lens droplet are derived in a
similar to the derivation of the modified Young’s equation.
II. MOMENTUM JUMP CONDITION
AT THE INTERFACE
In general, interfacial phenomena are complex and are
usually interpreted as discontinuous problems. Interfaces
separate two continuous equilibrium phases. When the cur-
vature radius is much larger than the thickness of an inter-
face, the equilibrium force balance at the interface is given
by the following equation expressed in terms of interfacial
coordinate system as defined in Fig. 1:




t = 0, 1
wherein the subscripts l and g signify liquid and gas phase,
respectively. This equation is called the momentum jump
condition at the interface. The symbols N /m, Pkk=g , l
N /m2, and sm are the surface tension coefficient, pres-
sure, and the coordinate along the interface, respectively. The
mean curvature is denoted by the symbol H H= 1+2 /2
with principal curvatures 1 and 21 /m. The bold symbols
nk-, t-, and kN /m2 are the unit normal, tangential vec-
tor, and shear stress, respectively. The symbol kkg /ms
with ˙kN /m2 the temporal differentiation of k then de-
notes the term related to the mass transfer, such as evapora-
tion or condensation, through the interface.
III. CONVENTIONAL YOUNG’S EQUATION
Consider a droplet of liquid on a smooth solid substrate as
shown in Fig. 2. The solid is insoluble in the liquid; its sur-
face is homogeneous, continuous, and isotropic. In this ideal
context, one of the most widely used equations in surface
science is the following:
gs = lg cos  + sl. 2
This equation is the classical Young’s equation. The contact
angle  is related to the surface tensions of the liquid-gas,
solid-gas, and solid-liquid interfaces. Generally, Eq. 2 is
derived from thermodynamic considerations such as the vir-
tual work variation at a contact line of the droplet. Equation
2 is supported by the classic works of Wenzel, Cassie, and
Baxter who established that not only surface energy but also
the solid surface roughness are factors that determine wetta-
bility 28. Young’s equation, including Young’s equation
combined with the Wenzel and Cassie-Baxter models, has
been useful in chemical and industrial applications. How-
ever, in a strict sense, Young’s equation is only valid for a
two-dimensional droplet.
Boruvka and Neumann derived the generalized Young’s
equation from considerations of both differential geometry
and thermodynamics 7:
gs = lg cos  + sl + line . 3
In this equation, 1 /m is the curvature calculated by the
radius, Rm, of the contact circle on the solid surface and
lineJ /m is the line tension. In addition to Eq. 3, they
derived a generalized Young-Laplace equation in which both
the mean and Gaussian curvatures are considered. However,
they treated the normal and tangential equilibrium conditions
at the contact line independently.
IV. CONSIDERATION OF YOUNG’S EQUATION
A. Derivation of Young’s equation
In an ideal system, a droplet on a solid substrate is axi-
symmetric. Figure 3 shows a general perspective view of a
three-phase interface for an axisymmetric droplet on a solid
surface. A radial cross section is shown in Fig. 2. The force
balance at a point P on the contact line is considered based
on this system. For the sake of simplicity, mass transfer is
not considered in the present treatment. We start the deriva-
tion using Eq. 1 without mass transfer which becomes





The force balance criterion at the contact line is found by
considering three interfacial line segments P-a, P-b, and P-c
forming a plane a-b-c containing P as illustrated in Fig. 3.
We establish the two-phase interfacial coordinate system for
each interface as shown in Fig. 4. Point P is the origin for all
interfacial coordinates. Figure 4a presents definitions of
base vectors of the gas-solid interface. The axis coordinate sa















FIG. 3. Contact angle of a three-dimensional droplet on a solid
substrate.
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defines length on the P-a line segment. The direction from
point P to point a is the positive direction. The unit normal
and tangential base vectors na and ta are defined at P. Similar
coordinate systems are defined for the other two interfaces as
depicted in Figs. 4b and 4c. The momentum jump condi-
tions at each interface are defined based on each pair of base
vectors.
To consider the force balance condition at the contact line
where the three phases coexit, we need the connection
among the three momentum jump conditions. We therefore
express the jump condition as follows:





where the subscript ii=a ,b ,c specifies the interface under
consideration. If i=a, then A=s and B=g in Eq. 5. In the
same way, if i=b or c, then A ,B is l ,g or s , l, respec-
tively. Here we use the standard abbreviations: g=gas, s
=solid, l=liquid. For example, the symbol Plb means the
pressure of the liquid side of segment P-b. These forces bal-
ance out at the contact line of the point P. The force balance
condition is expressed by the Neumann triangle:
F = Fa + Fb + Fc. 6
This force FN /m2 is the resultant force at the contact line.
If the equilibrium condition is satisfied at the contact line,
this force is zero.
From the above discussion, the force balance at the con-
tact line can be represented using Eqs. 5 and 6. However,
in a strict sense, we cannot discuss the complete equilibrium
condition at the contact line because the base vectors as de-
fined on each interface are independent. That is, another re-
lation that connects the base vectors of the jump conditions
is needed. This relation is obtained by applying the rotation
of the base vectors. Thus, the base vectors of segments P-b
and P-c are correlated with those of P-a. When the arbitrary
coordinate x-y in which the normal and tangential base vec-
tors n and t are defined rotates in an anticlockwise direction
about deg, the rotated coordinate x-y in which base vec-
tors n and t are defined is obtained as follows:
t = t cos  + n sin 
n = − t sin  + n cos  . 7
By using this relation, the base vectors defined on the P-b
segment become
tb = − ta cos  + na sin 
nb = ta sin  + na cos  ,
 8
where we use the relation between tc and ta as follows:
ta = − tc
na = nc.
 9
After some algebra, substitution of Eqs. 5, 8, and 9 into
Eq. 6 yields
F = Pga − Psa + Pgb − Plbcos  + Plc − Psc + 	2Haa




na + ta · lb








ta + na · lb − gbcos  + na · sa
− ga + sc − lc . 10
In this equation, we assume static conditions and therefore
the shear stress can be ignored. Considering the equilibrium
state in Eq. 10, the coefficients of each base vectors na and
ta are set equal to zero. Thus, we obtain the relation from the
coefficient of normal vector na as follows:
0 = Pga − Psa + Pgb − Plbcos  + Plc − Psc
+ 	2Haa + 2Hbb cos  + 2Hcc − dbdsb sin 

11
and that from the tangential vector ta as follows:






We now integrate Eqs. 11 and 12 over the arbitrary infini-
tesimal area dA=dwdsa as shown in Fig. 5. The symbol dw



















FIG. 4. Definition of base vector on a three phase line. a Base
vector on sa axis P-a line. b Base vector on sb axis P-b line.
c Base vector on sc axis P-c line.
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equations represent force balances in the normal and tangen-
tial directions. In this paper, we focus on the local force
balance. Thus, we assume that dsa=dsb=dsc=ds. The inte-
gration of Eq. 11 over the area dA yields
0 = 
A
Pga − Psa + Pgb − Plbcos  + Plc − Psc





In this equation, we integrate dsa arbitrarily from 0 to small
finite length lsm. The integration of the last term on the





sin dsa = sin 
b0
bls
db = b sin  . 14
The calculation of the surface tension coefficient b depends
on its functional relation in the problem. If there is no con-
tamination at the interface, b is constant at the gas-liquid
interface. Moreover, it is assumed that the curvature terms
are independent of the integration because the force acts lo-
cally along the contact line; that is, this assumption simply
means that integration over dsa reduces to multiplying by
length lsm. Finally, the following normal equilibrium con-
dition is obtained:
0 = Pgb − Plbcos  + Pga − Psa + Plc − Psc
+ 2Hbb cos  + 2Haa + 2Hccls − b sin  . 15
Similarly, we obtain the tangential equilibrium condition at
the contact line from Eq. 12 as follows:
0 = Pgb − Plbsin  + 2Hbb sin ls − a + b cos  + c.
16
Equation 15 is generally neglected because the normal
force balances out on the solid surface. Equation 16 is
Young’s equation with additional terms and differs from the
conventional Young’s equation Eq. 2. A detailed descrip-
tion of the surface tension acting around a three-phase con-
tact line is shown in Fig. 6. The surface tension related to the
curvature at the gas-liquid interface is decomposed into nor-
mal and tangential components on the solid surface in Fig.
6a. From this description, the force 2Hbb sin  can be
readily understood as the tangential component of surface
tension 2Hbb acting normal to the droplet surface at the
contact line on the solid surface. Furthermore, as shown in
Fig. 6b, the force b sin  is directed normal to the solid
surface at the contact line.
While Young’s equation is true in only planar geometry,
Eqs. 15 and 16 can be applied in a nonplanar geometry,
such as droplets on a sphere or a curved plate.
B. Derivation of analytical solution
In this section, an analytical solution is derived from our
modified Young’s equation, a validation of which is given by
comparison with reported experimental data 26,27. The
tangential equilibrium condition given by Eq. 16 is consid-
ered primarily in this derivation. As in Eq. 3, Boruvka and
Neumann derived the generalized Young’s equation based on
differential geometry and a thermodynamic approach. Amir-
fazli and co-workers studied and evaluated the line tension
based on this equation 26,29–31. In their experiments, the
drop-size dependence of contact angles was studied using
sessile droplets on several different substrates. The contact
angle was measured to within 20°, and liquids such as hep-
tane and octane were employed. The measured data were
evaluated based on the following procedure.
For a very large droplet i.e., in the limit line /lg1,
the last term in the right-hand side of Eq. 3 vanishes and
Young’s equation is recovered as
gs = lg cos  + sl, 17
where  is the contact angle corresponding to an infinitely
large drop. Combining Eqs. 3 and 17 leads to






which was treated by Amirfazli et al. 26 as having a linear
dependence between cos  and 1 /R. After performing an ex-
periment wherein the drop radius, R, is changed while the
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FIG. 6. Schematic of the term b sin  at the contact line. De-
composition of surface tension in the a normal and b tangential
direction with respect to the gas-liquid interface.
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1 /R. The line tension, line, can be determined from the slope
−line /lg of the plot, and the infinite radius contact angle 
can be obtained from the intercept. Based on these results,
the concept of line tension is discussed. Amirfazli and Neu-
mann recently reviewed the status of the three-phase line
tension, including a comprehensive bibliography on line ten-
sion 32. In the review, it is reported that there is no con-
sensus regarding line tension. The reported experimentally
measured line tensions vary from approximately 10−9 to
10−6J /m and have either positive or negative sign. More-
over, it seems that line tension decreases as the contact angle
decreases and likely vanishes at complete wetting. The de-
tailed mechanism for this behavior is unknown.
We now carry out modeling of Young’s equation and de-
rive the analytical solution. In the present paper, it is as-
sumed that the droplet on the solid surface is very small
PgbPlb. Thus, using Young’s equation without the pres-
sure term of Eq. 16, it can be expressed simply as
a = 2Hbbls sin  + b cos  + c, 19
where the mean curvature Hb is defined on the gas-liquid
interface at the contact line. In a manner similar to that taken
in the derivation of Eq. 18, the first term in the right-hand
side of Eq. 19, 2Hbb sin , vanishes for a very large drop-
let, and Young’s equation is recovered in the form of Eq.
17. By taking Eq. 17 into account, Eq. 19 becomes
cos  = cos  − 2Hbls sin  . 20
In Eq. 18, the curvature is based on the radius of the con-
tact circle on the solid surface. Therefore, the mean curvature
Hb is associated with the curvature characterized by the con-
tact circle based on the following assumption.
We again consider the ideal system of an axisymmetric
droplet on a solid surface as shown in Fig. 2; its volume as a
cap of a sphere is indicated in Fig. 7. The radius of the
sphere is rm and the radius of the contact circle is R. Given
the contact angle , the relation between r and R is given by
R = r cos  . 21
Considering a real situation, Eq. 21 no longer holds due to
the imperfect condition at the solid surface and the properties
of the droplet. Therefore, we incorporate a parameter C0-
into Eq. 21 as
R = C0r sin  . 22




2	 1r1 + 1r2
 = 1r = C0 sin R , 23
where 1 /r1 and 1 /r2 are the principal curvatures on the gas-
liquid interface at the contact line. Finally, substituting Eq.
23 into Eq. 20 gives
R = −
2C0ls sin2 
cos  − cos 
. 24
This equation represents the relation between the radius of
the contact circle and the contact angle that can be used to
evaluate experimental data. Here, the additional term
2Hbbls sin  in Eq. 19 can be rewritten as
2Hbbls sin  =
2
r
bls sin  =
2C0bls sin2 
R
= 2C0bls sin2  . 25
Comparing Eq. 19 with Eq. 3 after applying Eq. 25 into
Eq. 19, the following equation is obtained:
line = 2C0bls sin2  . 26
In this paper, the line tension is not explicitly defined. How-
ever, if Eq. 3 is satisfied, Eq. 26 could be used to define
the line tension. This equation indicates its dependence on
the contact angle 32.
In Eq. 24, the parameter C0 is estimated as
C0 = C1b, 27
where the parameter C1m /N is determined by experiment.
Many models may be assumed for C0. The choice of Eq. 27
follows from the fact that the wettability depends on the
combination of droplets and solid surfaces if there is no con-
tamination on the solid surfaces and in the droplets.
V. RESULTS AND DISCUSSION
In the previous section, we derived the analytical solution
of Young’s equation. Here, we use Eq. 24 and compare its
analytical solution with reported experimental data. In the
comparison, the experimental data of Amirfazli et al. and
Duncan et al. 26,27 are used. An arbitrary parameter C2
=C1lsm2 /N is defined as a fitting parameter in Eq. 24.
Figure 8 shows the results of the drop-size dependence on
the contact angles 26. The liquids used are heptane and
octane. The surface tension coefficients of heptane and oc-
tane are 19.9 and 21.4mJ /m2 at 221 °C, respectively. In
Eq. 24, values of C2 for heptane and octane are taken as
1.5310−2 and 1.0410−2, respectively. Amirfazli et al. es-
timate the infinite contact angle by linear interpolation cos 
vs  as =4.0° in heptane and =6.7° in octane. In Fig.
8, the dashed line is the result of Eq. 24. The analytical
solution shows fair agreement with the experimental data.
However, the analytical solution for heptane is slightly dif-
θ  








FIG. 7. Ideal droplet on a solid substrate.
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ferent from the experimental data. It is conjectured that the
difference is related to the use of the estimated value of 
from the linear interpolation in the analytical solution. Figure
9 shows the best fit to the experimental data for heptane,
which is obtained with an estimated  of 4.8° and C2 value
of 1.0410−2 as adopted for octane. The analytical solution
reproduces the experimentally observed relationship well us-
ing these parameter values.
Figure 10 shows the results of the analytical solution of
Eq. 24 and the experimental data reported by Duncan et al.
27. The experiment was performed using dodecane on a
substrate of a FC-721 dip-coated onto mica FC-721, 3M.
The surface tension of dodecane is 25.44mJ /m2. It is found
that the analytical solution agrees well with experimental
data. In this analysis, C2=7.010−5 and =69.65°. A simi-
lar trend between droplet radius and contact angle is ob-
served in other experiment 33.
Figure 11 shows the result for the predicted line tension
using Eq. 26. The line tensions of heptane and octane are
shown in Fig. 11. This result shows that the line tension
depends on the contact angle and its value vanishes when the
contact angle approaches zero.
The present model can explain the experimental data re-
ported by some authors. It appears that the line tension is
characterized by the surface tension coefficient of the droplet
and the geometry contact angle, etc. near the contact line.
Thus the conventional line tension may not be a single ther-
modynamic value defined at the contact line. The parameter
C0 may depend on the physical property of the liquid and the
substrate. That is, we may be able to interpret 2C0lsb as the
line tension in Eq. 26. The right-hand side of Eq. 25 may
involve the line tension 2C0lsb, the curvature  of the con-
tact circle, and the contact angle .
VI. CONTACT ANGLE FOR A LENS DROPLET
We now consider the contact angle for a lens droplet. The
basic idea is the same as the derivation of the modified
Young’s equation. We consider the system in which there are
three phases 	, 
, and  phases as shown in Fig. 12. The
mathematical definitions are the same as in the derivation of
the modified Young’s equation. That is, we define the base




























Radius of droplet on the substrate (cm)








FIG. 8. Experimental data with respect to droplet radius and
contact angle adapted from Ref. 26. a Droplet radius vs contact
angle of heptane C2=1.5310−2 m2 /N , =4.0°. b Droplet
radius vs contact angle of octane C2=1.0410−2 m2 /N , 
=6.7°.

















FIG. 9. Droplet radius vs contact angle of heptane C2=1.04
10−2 m2 /N , =4.8°.


















FIG. 10. Droplet radius vs contact angle of dodecane C2=7.0
10−5 m2 /N , =69.65° adapted from Ref. 27.
















FIG. 11. Analytical solution of Line tension of octane and hep-
tane in Figs. 8 and 9 solid line: heptane, dashed line: octane.
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vectors on each axis. Thus, the jump conditions at the inter-
faces are defined on each interface based on the base vectors.
In this system, a lens droplet of the 	 phase is on the 
phase. This system is ideal, i.e., insoluble, axisymmetric, and
without contamination. Based on this system, we consider
the force balance at the contact line of point O.
We apply the rotation of base vectors in this system. The
base vectors of O-b and O-c axes are represented by using
the base vectors of the O-a axis. In a similar way as in Eq.
7, the base vectors of the O-b axis can be expressed as
tb = − ta cos 1 + na sin 1
nb = ta sin 1 + na cos 1
 28
and the base vectors of O-c axis as:
tc = − ta cos 2 − na sin 2
nc = ta sin 2 − na cos 2,
 29
wherein 10 and 20. By using Eqs. 28 and 29 and
using the same procedure as for the derivation of the modi-
fied Young’s equation, we find the normal force balance at
the contact line to be
0 = P
a − Pa + P
b − P	bcos 1 + P	c − Pccos 2
+ 2Haa + 2Hbb cos 1 − 2Hcc cos 2ls
− b sin 1 + c sin 2. 30
Then, the tangential force balance is given by
0 = P
b − P	bsin 1 + Pc − P	csin 2 + 2Hbb sin 1
+ 2Hcc sin 2ls − a + b cos 1 + c cos 2. 31
The labeling is such that the subscript 	b, for example, de-
notes the 	 phase side of the b axis.
VII. CONCLUSIONS
In this paper, Young’s equation was derived based on a
hydrodynamic approach. In the derivation, the mechanical
equilibrium condition at the contact line of a droplet on the
solid surface was considered by using the interfacial jump
condition. From this consideration, we obtained the follow-
ing results:
1 The analytical solution derived from our modified
Young’s equation can explain the experimental data, such as
the relationship between the contact angle and the radius of
the contact circle.
2 The force b sin  arises in the normal mechanical
equilibrium condition at the contact line on the solid surface.
3 The force 2Hbbls sin  arises in the tangential me-
chanical equilibrium condition at the contact line on the solid
surface. This additional force is related to the surface tension
2Hbb normal to the droplet surface. That is, 2Hbbls sin 
corresponds to the tangential component of 2Hbb evaluated
on the solid surface.
4 By comparing the present model Eq. 19 with the
generalized Young’s equation Eq. 3, we have determined
the detailed equation of the line tension, from which the line
tension vanishes as the contact angle approaches zero. This
means that the line tension depends on the contact angle.
Eventually, the line tension is characterized by the surface
tension coefficient of the droplet and the geometry near the
contact line. The conventional line tension may not be a
single thermodynamic value defined at the contact line. The
parameter C0 may depend on physical properties of the liq-
uid and the substrate. That is, we may be able to interpret
2C0lsb as the line tension in Eq. 26. The right-hand side of
Eq. 25 may consist of the line tension 2C0lsb, the curva-
ture  of the contact circle, and the contact angle .
5 We consider the mechanical equilibrium condition of
the lens droplet by using the same concept as in the deriva-
tion of the modified Young’s equation. The tangential and
normal mechanical equilibrium conditions at the contact
angle are derived. This means that the proposed theory can
be applied to more general wetting phenomena such as drop-
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FIG. 12. Definition of base vector on three-phase line of a lens
droplet. a Base vector on sa axis O-a line. b Base vector on
sb axis O-b line. c Base vector on sc axis O-c line.
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